Counterterm method and thermodynamics of Hairy Black Holes in a
  Vector-Tensor theory with Abelian gauge symmetry breaking by Li, Ai-chen & Li, Ru-yong
ar
X
iv
:2
00
4.
08
32
9v
1 
 [h
ep
-th
]  
17
 A
pr
 20
20
Counterterm method and thermodynamics of Hairy Black Holes in a Vector-Tensor
theory with Abelian gauge symmetry breaking
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a Theoretical Physics Division, College of Applied Sciences, Beijing University of Technology and
b Departamento de matematica da Universidade de Aveiro and CIDMA,
Campus de Santiago, 3810-183 Aveiro, Portugal
For a type of non-minimally coupled vector-tensor theories with Abelian gauge symmetry breaking
in four-dimensional spacetime and correspondingly asymptotic non-AdS black hole solutions includ-
ing a cosmological constant, we construct the appropriate boundary terms and derive the associated
junction condition. In order to remove the divergences in the stress tensor which is localized on
the spacetime boundary, we also involve the suitable surface counterterms into the total action.
Using the counterterm method, we caculate the black hole mass. An implicit relation between the
black hole carge Q and other parameters is implied by combining the expression of the black hole
mass with the first law of black hole thermodynamics. With this implicit relation, we can prove
the inequality Q ≤M which is a general bound for most of charged black holes. Besides, the phase
structure of black holes is also investigated in the grand canonical ensemble.
PACS numbers:
I. INTRODUCTION
In the recent decades, the studies about hairy black
holes have become a hot topic. One motivation is the
Anti de-Sitter space/conformal field theory correspon-
dence [1–3], i.e. AdS/CFT. This correspondence suggests
that the physics of strongly coupled gauge field living on
boundary of AdS spacetime could be reproduced by clas-
sical or semi-classical gravitational theory in the bulk. In
application of AdS/CFT, the hairy black holes are used
to understand quantum chromodynamics (QCD) at finite
temperature [4–6], superconductor’s behavior [7, 8], and
other interesting phase transitions [9–13]. Besides, an-
other motivation comes from the re-examination to the
black hole no-hair theorems. According to them, in four-
dimensional spacetime with gravity, black holes are char-
acterized only by three physical parameters, namely the
mass, electric charge, and angular momentum. And the
existence of black holes characterized by other parame-
ters are excluded. However, some interesting counterex-
amples have been constructed in recent years see e.g. [14–
24]. Moreover, recently the phenomenon of black hole
spontaneous scalarization has been the focus of consider-
able attention - see e.g. [25–33]. Specifically, these models
consider a non-minimal coupling between the scalar field
φ and some source therm I, which could produce a re-
pulsive gravitational effect. In this way, the black hole
solution with no hair, from Einstein’s gravity, is unstable
against scalar perturbations due to the source, and the
scalar (or more general vector or tensor) hair will grow
dynamically during this process.
Most hairy black hole solutions have been considered
in scalar-tensor theories or scalar-vector-tensor theories.
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Solutions from vector-tensor theories have been less in-
vestigated. Actually, many interesting cosmological phe-
nomenology have been found in vector-tensor theories,
especially for those with Abelian symmetry breaking [34–
44]. Recently, a class of interesting black hole solutions in
four-dimensional spacetime were obtained by [45] from a
type of vector-tensor theory in which the Abelian gauge
symmetry is broken by coupling the vector with gravity
in a non-minimal way [46, 47].
In this paper, our purpose is to find the appropriate
boundary terms and construct the effective holographic
surface counterterms for a type of non-minimally cou-
pled vector-tensor theory and correspondingly asymp-
totic non-AdS black hole solutions including a cosmolog-
ical constant [45]. After obtaining the black hole mass
via a surface counterterms method, we also intend to in-
vestigate the relevant thermodynamics. Our motivation
comes from the following aspects, both in physics and
in techniques. As we know, for the Reissner-Nordstro¨m
black hole, the value of the charge Q should be less than
the value of the black hole mass M ; otherwise no event
horizon exists. More generally speaking, the extremal-
ity bound Q ≤ M holds for most of charged black hole
solutions, of course, there also exists some interesting
counterexamples[48, 49]). However, for black hole solu-
tions including a cosmological constant in [45], the value
of Q is arbitrary and has no effect on the existence of
horizon. It seems that there is no direct evidence to
show Q ≤ M or Q > M or both are allowed. Thus, af-
ter the consideration of thermodynamics for these black
hole solutions, we expect to find a constraint relation be-
tween Q and other physical parameters. In this way, we
can compare Q and M at other fixed physical param-
eters. Furthermore, the thermodynamics for black hole
solutions derived from some typical vector-tensor theories
with broken Abelian gauge symmetry has been investi-
gated by works [50, 51], via the Wald formalism. These
works derive the general first laws of black hole thermo-
2dynamics in either minimally or non-minimally coupled
case. But the physics behind these formulas have not
been thoroughly investigated. In this work, we expect
to gain some intuition about the black holes in vector-
tensor theory without Abelian gauge symmetry [45] by
analysing the phase structures in the grand canonical en-
semble.
From the viewpoint of techniques, due to the presence
of a non-minimal coupling between the vector field and
gravity in the action given in [45], the Gibbons-Hawking
term [52] is not the appropriate boundary term here. The
effective boundary term needs to be obtained. Besides,
for obtaining a finite quasilocal stress tensor on spacetime
boundary, some suitable surface counterterms should be
added to the total action. This process is the so called
holographic renormalization [53–59]. However, in [45],
there exists non-minimal coupling between vector field
and gravity, while the black hole solution is not an ex-
actly asymptotic AdS geometry. Thus, the surface coun-
terterms will be more complicate than [57]. At present,
there are few research works about resolving these tech-
nical problems. Thus, to enrich the studies about the
vector-tensor theories with Abelian symmetry breaking,
we shall consider these technical problems for [45] in this
work.
Our work is structured as follows. In Sec.II, we briefly
review a type of vector-tensor theory with broken Abelian
gauge symmetry in four-dimensional spacetime and cor-
respondingly asymptotic non-AdS black hole solutions
including a cosmological constant. In Sec.III, we con-
struct the appropriate boundary terms and derive the
corresponding generalised Israel junction conditions on
the spacetime boundary. Besides, we also give a well-
defined quasilocal stress tensor and calculate the black
hole mass by adding the suitable surface counterterms to
the total action. After obtaining the black hole mass, the
relevant thermodynamics, including the first law of black
hole thermodynamics and the phase structure analysis in
the grand canonical ensemble, have been considered in
Sec.IV. Finally, we will summarize our results and give a
discussion in Sec.V.
II. BLACK HOLES SOLUTION INCLUDING A
COSMOLOGICAL CONSTANT IN
VECTOR-TENSOR THEORY WITH ABELIAN
SYMMETRY BREAKING
An analytical black hole solution in 4-dimensional
spacetime has been found in a type of vector-tensor the-
ory [45]. The action is set as
S =
1
2κ2
∫ √−gd4x{R− 2Λ− 1
4
F 2 + βGµνA
µAν
}
(1)
in which the Gµν is the standard Einstein tensor, while
the β is the physical constant which measures the
strength of nonminimal coupling between the vector field
and Einstein tensor. It is easy to see that the U(1) sym-
metry is broken in presence of this nonminimal coupling
term. The Einstein field equation is given by
Rµν − 1
2
gµνR = −Λgµν + βZµν
+
1
2
(FµσF
σ
ν −
1
4
gµνF
2) (2)
Zµν =
1
2
A2Rµν +
1
2
RAµAν − 2AαRα(µAν) −
1
2
∇µ∇νA2
+∇α∇(µ(Aν)Aα)−
1
2
∇α∇α(AµAν)
+
1
2
gµν
(
GαβA
αAβ +∇α∇αA2 −∇α∇β(AαAβ)
)
the equation of motion for the vector field, namely the
extended Maxwell equations, reads
∇µFµν + 2βAµGµν = 0 (3)
The metric ansatz is set up as
ds2 = −h(r)dt2 + dr
2
f(r)
+ r2(dθ2 + sin2 θdφ2) (4)
Meanwhile, Aµ has the following ansatz
Aµdx
µ = a(r)dt + χ(r)dr (5)
After substituting ansatz (4) and (5) into Einstein field
equations (2) and extend Maxwell equations (3), the fol-
lowing four indepentent differential equations are given
[45]
f2
r
− f
r
+
h′f2
h
= 0 (6)
4βa(1− f − rf ′) + a′(r − 5rf − r2f ′)− 2r2a′′f = 0 (7)
4β
(
a2(f − 1) + f(hχ2 + 2raa′))+ r2(4Λh+ a′2f) = 0 (8)
2β
(
a2(1− f) + χ2fh(1 + f))+ 4h(f + r2Λ− 1)+
r2f(a′2 +
4hf ′
rf
) + 2rβf2χ2(
3hf ′
f
− a
2f ′
χ2f2
+
4hχ′
χ
) = 0 (9)
When β = 14 , an analytical solution of spherically sym-
metric black hole is given as
h(r) = 1− 2m
r
+
4r2Λeff
3
+
4
5
r4Λ2eff (10)
f(r) = (1 + 2r2Λeff )
−2h(r) (11)
a(r) =
Q
r
+Q2(1 +
2
3
r2Λeff ) (12)
χ(r) =
1 + 2r2Λeff√
h
( (3Q+ rQ2(3 + 2r2Λeff ))2
9r2h
−Q22(1 + 2r2Λeff ) + 16r2Λeff
) 1
2 (13)
where
Λeff =
2Λ
Q22 − 8
(14)
3From (10), we see that the effective cosmological constant
in the black hole solutions is (14). Thus, for obtaining
an effective negative cosmological constant, we will only
consider the case Q22 > 8 in Sec.III and Sec.IV. Besides,
note that the asymptotic behavior of black hole solutions
at large r is
ds2 ∼ −4Λ
2
eff
5
r4dt2 +
1
5
dr2 + r2(dθ2 + sin2 θdφ2) (15)
It’s easy to see that this black hole solutions including a
cosmological constant in [45] are not asymptotatic AdS
geometry.
We plot h(r) in fig.1 at some fixed physical parameters
Λ,m with varying Q2. It’s easy to see that there only ex-
ists one horizon rh for this black hole solution whatever
the value of Λ,m,Q2. Besides, from (10)-(13), it is not
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FIG. 1: (color online).Plot the horizon function h(r) (10) at
fixed Λ,m with different Q2.
difficult to observe that the value of Q is arbitrary with
respect to other parameters and has no effect on the ex-
istence of a horizon rh.
III. JUNCTION CONDITION, COUNTERTERM
METHOD AND HOLOGRAPHIC ENERGY
In this part, we need to construct some physical quanti-
ties on the spacetime boundary r =∞. Before that, some
notation should be introduced. We use xµ = (t, r, θ, φ)
and ds2 = gµνdx
µdxν to denote the coordinates and
metric in the bulk spacetime. In the spacetime bound-
ary, namely r = ∞, the coordinates are denoted as
xa = (t, θ, φ). Thus, the 4-velocity of the boundary hy-
persurface is easily obtained as uµ = (1, 0, 0, 0), and the
unit normal pointing into the boundary hypersurface is
nν = (0,
1√
f
, 0, 0). Then the induced metric of the bound-
ary spacetime could be obtained as
ds2 = γabdx
adxb = −h(r)dt2 + r2(dθ2 + sin2 θdφ2)
(16)
γab = e
µ
ae
ν
bγµν
where the vielbein eµa is defined as e
µ
a =
∂xµ
∂xa
, which is
tangent to the boundary and satisfies nµe
µ
a = 0. Besides,
the projection tensor γµν is defined as γµν = gµν −nµnν ,
whose tangential components γab correspond to the in-
duced metric on spacetime the boundary. For caculating
the quasilocal stress tensor on spacetime the boundary,
we need to add the boundary terms to the action (1).
As it is known, when varying the Einstein-Hilbert action
with respect to the metric tensor gµν , besides a bulk term
which yields the standard Einstein field equation, we also
obtain the following boundary term
1
2κ2
∫ √−γd3x{gαβnρ∇ρ(δgαβ)− nρ∇λ(δgρλ)} (17)
in which the nρ is the unit normal vector pointing into
the spacetime boundary. Note that in expression of (17),
the derivative of the metric variation in the normal direc-
tion is discontinuous across the boundary hypersurface.
For cancelling the ∇ρ(δgαβ)-like terms and making the
metric variation well-defined on the spacetime boundary,
a Gibbons-Hawking boundary term [52] is involved
SGH =
1
κ2
∫
d3x
√−γK (18)
whereK = γµνKµν is the trace of the extrinsic curvature
tensor Kµν =
1
2 (∇µnν + ∇νnµ). Adding the (17) with
the variation of the Gibbons-Hawking term together, we
will obtain the following Israel junction term [60–62]
1
κ2
∫ √−γd3x{Dν(γαν nβδgαβ) + (Kµν − hµνK)δgµν} (19)
in which Dν is the covariant differentiation with respect
to γµν . Thus, the first term in (19) is a total deriva-
tive and could be thrown away. In the case of Einstein-
Proca theory (1), besides the Einstein-Hilbert action, the
nonminimal coupling 12κ2
∫ √−gd4xβGµνAµAν will also
lead to a pathological boundary term when calculating
the variation with respect to gµν . Thus we also need
to introduce an appropriate boundary term to make the
nonminimal coupling term have a well-defined behavior
on the spacetime boundary.
A. An appropriate boundary term which
corresponds to the non-minimal coupling terms
Varying the term 12κ2
∫ √−gd4x{βGµνAµAν} with re-
spect to the metric gµν , besides a bulk term Zµν in (2),
gives the following boundary term
β
2κ2
∫
d3x
√−γ{1
2
nρ∇ρ(δgαβ)AαAβ −Aµ∇µ(δgλρ)Aλnρ
+
1
2
nνA
νAµ∇µ(δgλρ)gλρ + 1
2
A2∇λ(δgλρ)nρ
− 1
2
A2nα∇α(δgλρ)gλρ + δgλρ∇ρ(AλAν)nν
− 1
2
δgαβnρ∇ρ(AαAβ)− 1
2
gλρδg
λρnµ∇ν(AµAν)
− 1
2
nλδg
λρ∇ρA2 + 1
2
δgλρgλρn
α∇αA2
}
(20)
4Note that there also exists the ∇µ(δgαβ)-like terms in
(20), which are discontinuous across the boundary hy-
persurface. For obtaining the well-defined junction con-
dition on the spacetime boundary, we involve the follow-
ing boundary term
Sβsur =
β
2κ2
∫
d3x
√−γ{−Aν(∇νAρ)nρ
+nνA
ν(∇ρAρ)−A2gαβ(∇βnα)
}
(21)
Thus the total boundary term is given as,
Ssur = SGH + S
β
sur (22)
The variation of Sβsur with respect to g
µν is
β
2κ2
∫
d3x
√−γ{−AνnρδΓρναAα + nνAν(δΓρρσAσ)
− 1
2
A2(δΓααβn
β) +
1
2
A2gαβ(δΓρβαnρ) + nνA
νδgρσ(∇ρAσ)
+
1
2
γµνδg
µνAα(∇αAρ)nρ − 1
2
γαβδg
αβnνA
ν(∇ρAρ)
+
1
2
γµνδg
µνA2gαβ(∇βnα)− δgµνAµAνgαβ(∇βnα)
−A2δgαβ(∇βnα)− δgµνAµ(∇νAρ)nρ
}
(23)
in which the δΓρµν is defined as
δΓρµν = −
1
2
(
gλµ∇ν(δgλρ) + gλν∇µ(δgλρ)− gµαgνβ∇ρ(δgαβ)
)
Adding the (19) with (20), (23) together, the quasilocal
stress tensor on spacetime boundary could be given by
the following junction condition
Tab = Kab −Kγab + β
(1
2
γabA
2K + 1
2
γabn
ρ∇ρA2
−A2Kab − γabnαAα∇βAβ + 2eµaeνbnαAα∇µAν
− eµaeνbnρ∇ρAµAν − eµaeνbAµAνK
)
(24)
where Kab = e
µ
ae
ν
bKµν and γab = e
µ
ae
ν
bγµν = e
µ
ae
ν
bgµν .
Meanwhile, the Tab is the stress tensor of the matter
field which lives on the spacetime boundary, i.e. Tab =
− 2√−γ δSCFTδγab . Note that only the tangential components
of the junction condition are nontrival, thus we multiply
the vielbein eµa in above equation. Actually, (24) could
be viewed as the generalised Israel junction condition for
this type of vector-tensor theory (1). The r.h.s. of (24) is
derived from the geometry of bulk spacetime, while the
Tab in l.h.s corresponds to the stress tensor of the matter
field living on the spacetime boundary.
B. Surface counterterms and holographic energy
As indicated in [63], the total energy of black hole sys-
tem, i.e. the black hole mass, is defined as a conserved
charge associated with a timelike killing vector,
M =
∫
r→∞
dΩ2
{
r2
(
h(r)
)− 1
2T00
}
= −
√
5π
(Q22 − 8)
Λ
T00|r→∞ (25)
where T00 is the 00-components of stress tensor (24).
However, the r.h.s of (24) typically diverges as r → ∞.
Specifically, substitute the solutions (10), (11), (12), (13)
into (24) and then expand the results into power series,
we could observe
T00|r→∞ = c3r3 + c1r + c0 +O(1
r
) . . . (26)
in which the coefficients c3, c1 are constituted by Q2 and
Λ, while the c0 consist of Q,Q2,m,Λ.
From the viewpoint of gauge/gravity duality, the Tab is
interpreted as the expectation value of the stress tensor in
the side of boundary field theory [3, 53–56]. And the UV
(ultraviolet) divergences appear naturally in field theory
as the energy scale increases, which is reflected by the di-
vergences of geometry quantity given by r.h.s of equation
(24) as the boundary is taken to infinity. In renormal-
ization procedure of quantum field theory, all UV diver-
gences could be removed by adding the counterterms to
the bare Lagrangian. In the same spirit for gravity the-
ory, a finite set of boundary terms could be constructed
as the counterterms which only cancel the divergences on
the boundary spacetime and do not change the equations
of motion in the bulk spacetime.
But in our case, the surface counterterms will be more
complicated than in [57], in which a standard expression
of surface counterterms associated with a gravitational
system in asymptotically AdS spacetime have been con-
structed. First, besides the gravitational field and nega-
tive cosmology constant, there also exists the vector field
which couples to the gravitational field in nonminimal
ways. Thus, except the intrinsic geometry quantities on
the spacetime boundary, the surface counterterms should
also include the contributions from the vector field. Sec-
ondly, the black hole solution (10)-(11) is not asymp-
totically AdS. So, the standard results of counterterms
for AdS4 given by [57] are not applicable directly in the
current case, and some non-standard results have to be
developed.
Under r → ∞ limit, for cancelling the divergences in
stress tensor (24), we construct the following countert-
erms
Sct =
−1
κ2
∫
d3x
√−γ{ c0
ℓ
√
AµAµ
+
c1lR√
AµAµ
+ cm1n
µFµνA
ν
+ cm2
nµFµνA
ν
AαAα
+ cm3l
(nµFµνA
ν)2√
AαAα
}
(27)
where R is the Ricci scalar of the induced metric γab
and l is AdS radius related with cosmological constant
through Λ = − 3
L2
. Note that the c0, c1, cm1, cm2, cm3 are
5undetermined coefficients; they will be given later. With
the inclusion of counterterms (27), the stress tensor will
be rewritten as
T effab = T
0
ab +
c0
ℓ
( γab√
AµAµ
+
eαae
β
bAαAβ√
(AµAµ)3
)
+ lc1
{ γabR√
AµAµ
− 2Rab√
AµAµ
+ 2(DaDb
1√
AµAµ
− γabDcDc 1√
AµAµ
)
+
ReµaeνbAµAν√
(AµAµ)3
}
+ cm1
{
γabn
µFµνA
ν − 2eν(aeβb)nµFµνAβ
}
+ cm2
{
γab
nµFµνA
ν
AρAρ
+ 2eβae
γ
bAβAγ
nµFµνA
ν
(AρAρ)2
− 2eν(aeβb)
nµFµνAβ
AρAρ
}
+ cm3 l
{
eρae
σ
bAρAσ
(nµFµνA
ν)2√
(AαAα)3
− nµFµνAβeν(aeβb)
4nρFρσA
σ
√
AαAα
+ γab
(nµFµνA
ν)2√
AαAα
}
(28)
in which Da is the covariant differentiation with respect
to induced metric γab. Meanwhile, we use T
0
ab to denote
the bare stress tensor (24).
To remove the O(r3) and O(r) divergences in the bare
stress tensor T 0ab, the undetermined coefficients are cho-
sen as c0 =
32
√
5
5
√
3
, c1 =
44
9
√
15
, cm1 = − 78 , cm2 =
− 15415 , cm3 = − 5
√
5
32
√
3
. Substitute the above coefficients
and (10), (11), (12), (13), (24) into the (28), we obtain
T eff00 |r→∞ =
(5m(Q22 − 8)− 3QQ2)Λ
2
√
5(Q22 − 8)
+O(
1
r
) + . . .
(29)
According to the above results and (25), the black hole
mass is given as
M =
π
2
(
3QQ2 − 5m(Q22 − 8)
)
(30)
IV. THERMODYNAMICS AND PHASE
STRUCTURE
A. The first law of black hole thermodynamics
From the metric ansatz (4), the Hawking temperature
could be caculated as
T =
√
h′f ′
4π
∣∣
rh
=
|4Λr2h +Q22 − 8|
4πrh(Q22 − 8)
(31)
As explained in Sec.II, we only consider Q22 > 8 in this
paper. For convenience in the following, we define r⋆h as
the zero-point of expression (31). And it is easy to see,
T =


4Λr2h+Q
2
2
−8
4πrh(Q22−8)
, rh < r
⋆
h
0 , rh = r
⋆
h
− 4Λr2h+Q22−8
4πrh(Q22−8)
, rh > r
⋆
h
(32)
According to the area law, the entropy of black hole is
S =
A
4G
(33)
in which A represents the area of event horizon. Note
that the convention κ = 8πG = 1 has been used in this
paper, and the S will be rewritten as
S = 2πA = 8π2r2h (34)
From the viewpoint of dynamics, the Q is just an integra-
tion constant solved from the Einstein field equation and
extended Proca equation. In (12), (13), it seems that the
value of Q is free to choose and independent with other
physical parameters like Q2, rh,Λ. However, for making
the first law of black hole thermodynamics to hold,
dM = TdS + ΦdQ (35)
a constraint relation between Q and Q2, rh,Λ is implied,
Q =
8r5hΛ
2
3Q2(Q22 − 8)
+
5(Q22 − 8)rh
6Q2
+
20r3hΛ
9Q2
+


8
(
4
3
Λr3h+(Q
2
2
−8)rh
)
3Q2(Q22−8)
, rh ≤ r⋆h
2C0(r
⋆
h)
3Q2π
− 8
(
4
3
Λr3h+(Q
2
2
−8)rh
)
3Q2(Q22−8)
, rh ≥ r⋆h
(36)
in which the function C0(r
⋆
h) has the following expression,
C0(r
⋆
h) =
8π
(
4
3Λr
⋆3
h + (Q
2
2 − 8)r⋆h
)
(Q22 − 8)
With thermodynamic quantities and constraint pre-
sented above, let us check that the (35) is established
properly. Through the definition of horizon radius
h(rh) = 0, a constraint relation between m and rh, Q2,Λ
is deduced as follows
m =
rh
2
+
4Λr3h
3(Q22 − 8)
+
8Λ2r5h
5(Q22 − 8)2
(37)
Substitute (36) and (37) into (30), we get
M =


4π
(
4
3
Λr3h+(Q
2
2
−8)rh
)
(Q2
2
−8) , rh ≤ r⋆h
− 4π
(
4
3
Λr3h+(Q
2
2
−8)rh
)
(Q2
2
−8) + C0(r
⋆
h) , rh ≥ r⋆h
(38)
Combine (38) with (32), (34), it is easy to check
∂M
∂S
=
(∂M
∂rh
)/( ∂S
∂rh
)
= T (39)
Due to the breaking of U(1) symmetry in Einstein-Proca
theory, the electric charge is not the locally-conserved
charge any more. And we could not obtain the electric
charge directly from the Gauss law which doesn’t hold in
current situation. However, from the solution of electric
potential (12), it is not diffcult to observe that the Q
6and Q2 play the roles of charge and chemical potential
respectively. In other way, from black hole mass (30), we
could obtain the following relation directly,
∂M
∂Q
=
3π
2
Q2 (40)
it also means that the Q and Q2 are a pair of conju-
gate variables in thermodynamics. Exactly, we define
the chemical potential Φ as
Φ =
3π
2
Q2 (41)
Note that the charge is not the conserved quantity in
current situation, thus we consider the thermodynamics
in the grand canonical ensemble.
As we known, for the Reissner-Nordstro¨m black hole
solved from Einstein-Maxwell theory, Q ≤ M , or the
horizon does not exist. More generally, this extremality
bound holds for most of charged black holes. From the
black hole solution (10)-(13), it seems that the value of Q
is arbitrary and has no effect on the existence of horizon.
However, after the consideration of thermodynamics, we
find a constraint relation between Q and other physical
parameters, on which the first law of black hole ther-
modynamics could be reproduced correctly. Finally, by
using (36) and (38) implied by thermodynamics, we can
compare chargeQ and black hole massM at fixed horizon
rh, chemical potential Φ(Q2) and cosmological constant
Λ. As shown by Fig.2, we observe that the value of Q
less than the value of M indeed.
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FIG. 2: (color online).Compare charge and black hole mass
in some representative parameters.
B. Phase structures analysis
According to the expression of the Hawking tempera-
ture (31), we plot the variation of temperature versus the
horizon radius rh in Figure 3. For a given temperature
T > 0, there exists two values of horizon rh. We call them
”small black hole” (SBH) and ”large black hole” (LBH)
phases, as shown by purple and red curves in Figure 3
respectively.
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FIG. 3: (color online).The variation of temperature versus the
horizon radius rh for the four-dimensional black hole solutions
with spherical horizon, in representative parameters Λ = −0.5
and Q2 = 3.
Note that the SBH and LBH coexist at the same tem-
perature, and we need to determine which phase is ther-
modynamically preferred. This goal could be achieved
by comparing the Gibbs free energy of SBH and LBH;
the one which has lower free enegy will be favored by the
thermodynamical system. In the grand canonical ensem-
ble, the Gibbs free energy is defined as
G =M − TS − ΦQ (42)
substitute (32), (34), (36), (38), (41) into (42), we have
G = −5
4
(Q22 − 8)πrh −
10
3
πr3hΛ−
4πr5hΛ
2
Q22 − 8
− 2πrh ×


4Λr2h+Q
2
2
−8
(Q2
2
−8) , rh ≤ r⋆h
− 4Λr2h+Q22−8
(Q2
2
−8) , rh ≥ r⋆h
(43)
In Figure 4, we show that how Gibbs free energy G varies
with respect to the temperature T . It is easy to observe
that the Gibbs free energy of LBH is lower than the one
of SBH, thus the LBH is thermodynamically prefered. A
similiar conclusion could also be supported on comparing
the specific heat of SBH and LBH. In the grand canonical
ensemble, the specific heat is defined as
CΦ = T
(∂S
∂T
)
Φ
= T
(
∂S/∂rh
∂T/∂rh
)
Φ
(44)
substitute (31), (34) into (44) and expand it explicitly,
we obtain
CΦ =
16π2r2h(8 −Q22 − 4r2hΛ)
Q22 − 8− 4r2hΛ
(45)
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FIG. 4: (color online).The variation of Gibbs free energy G
versus the Hawking temperature T for the four-dimensional
black hole solutions with spherical horizon, in representative
parameters Λ = −0.5 and Q2 = 3.
From the CΦ − T diagram, we easily see that the LBH
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FIG. 5: (color online).The variation of specific heat CΦ ver-
sus the Hawking temperature T for the four-dimensional black
hole solutions with spherical horizon, in representative param-
eters Λ = −0.5 and Q2 = 3.
phase has the positive specific heat, so it is thermody-
namically stable. By contrast, the SBH is unstable.
Actually, the unstable SBH phase and stable LBH
phase also imply a self-consistent result for thermody-
namic quantities in extended phase space. In (38), we
could identify that the branch in region rh ≤ r⋆h and
rh ≥ r⋆h correspond to the SBH phase and LBH phase re-
spectively. If we consider the black hole thermodynamics
in extend phase space [64, 65], and define the black hole
pressure P as,
P = −2πΛeff = − 4πΛ
Q22 − 8
(46)
Then, from (38), we can get
∂M
/
∂P =
{
− 43πr3h , rh ≤ r⋆h
4
3πr
3
h , rh ≥ r⋆h
(47)
In LBH phase, the conjugate variables for pressure P is
exactly the black hole volume. But the result is unphys-
ical in SBH phase. Thus we naturally expect that the
SBH phase is not allowed by the thermodynamic system,
in other words, this phase is unstable.
V. CONCLUSIONS AND DISCUSSION
For the type of non-minimally coupled vector-tensor
theory given in [45], we computed and added the appro-
priate boundary terms (III A) to the bulk action (1) and
derived the correspondingly well-defined junction condi-
tion (24) on the spacetime boundary. As interpreted by
the gauge/gravity duality, the Tab in (24) represents the
stress tensor of matter fields on the spacetime bound-
ary. Meanwhile, this stress tensor is a divergent quan-
tity. For removing the divergences in the stress tensor,
surface counterterms need to be added to the total ac-
tion. A standard expression of surface counterterms asso-
ciated with a gravitational system in asymptotically AdS
spacetime has been constructed by [57, 58], in which the
surface counterterms consist of the cosmological constant
and intrinsic geometry quantities of the bounday space-
time like the Ricci scalar and Ricci tensor for the bound-
ary metric γab. However, the surface counterterms in
our case are more complicate than the results in [57, 58],
even though in four-dimensional spacetime. Our major
difficulties come from the following two aspects. On the
one hand, the gauge symmetry is broken due to the ex-
istence of nonminimal coupling between the vector field
and Einstein tensor. On the other hand, the black hole
solutions (10)-(11) are not an asymptotic AdS geometry
as shown by (15). Thus, unlike the expression of surface
counterterms given by [57, 58], the mixture of vector field
and intrinsic geometry quantities of bounday spacetime
need to be considered in our case. Finally, after various
attempts, we find the surface counterterms (27). Based
on (27), we obtain the finite stress tensor (29) on bound-
ary spacetime and calculate the corresponding conserved
charge associated with a timelike killing vector, i.e. the
black hole mass (30).
From (10)-(13), it is easy to see that the value of Q is
independent of other parameters and has no effect on the
existence of a horizon. Thus, both Q > M and Q ≤ M
are allowed according to the expression (30). However,
for most of charged black hole, there exists a general
extremality bound Q
M
≤ 1. Actually, after consideration
of the first law of black hole thermodynamics, an implicit
relation of Q as the function of Q2, Λ and horizon rh are
found in (36). Then, by using (36) and (38), we can
compare the charge Q with black hole mass M directly
at fixed Q2, Λ and rh. As shown by Fig.2, we indeed
8observe that the value of Q less than the value of M .
Besides, after the analysis of phase structure in grand
canonical ensemble, we observe the unstabel SBH phase
and stable LBH as displayed by Fig.3-Fig.5. In fact, as
we show in (47), the unstable SBH phase and stable LBH
phase also imply a self-consistent result for well-defined
pressure and volume in extended phase space.
As future research, we suggest the following extended
topics. In [34], inflation is driven by non-minimally cou-
pled massive vector fields. It would be interesting con-
sider cosmic inflation by using the vector-tensor theory
(1). Besides, it is also worthwhile to develop the super-
symmetric extension of (1) and investigate the relevant
phenomenology in black hole physics and cosmology.
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